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We introduce a quaternion invariant for an inclusive immersion in a quaternion
manifold, which is a quaternion object corresponding to the Willmore functional.
The lower bound of this invariant is given by topological one and the equality
case can be characterized in terms of the natural twistor lift. When the ambient
manifold is the quaternion projective space and the natural twistor lift is holo-
morphic, we obtain a relation between the quaternion invariant and the degree
of the image of the natural twistor lift as an algebraic curve. Moreover the first
variation formula for the invariant is obtained. As an application of the formula, if
the natural twistor lift is a harmonic section, then the surface is a stationary point
of the invariant under any variations such that the induced complex structures do
not vary.
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1 Introduction.
A Riemann surface immersed in a four dimensional oriented manifold with a conformal
structure admits the twistor lift, which is the map from the surface to the twistor
space of the ambient manifold ([9] and [11]). In particular, surfaces whose twistor lift
are holomorphic are studied in many papers ([11], [12] and [10]). The property that
the twistor lift is holomorphic is invariant under the conformal changes of Riemannian
metric and the value of the Willmore functional for a surface with holomorphic twistor
lift takes the minimum value in the regular homotopy class including it. Since a four
dimensional quaternion manifold is nothing but an oriented manifold with a conformal
structure, it is natural to consider surfaces (or the higher dimensional case) in quaternion
manifolds and study their properties which depend only on the quaternion structure.
On a quaternion manifold, by the definition, there exists a torsion free affine connection
which preserves its quaternion structure. Because such a connection, which is called a
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quaternion connection, is not unique, our interests are invariants which are independent
of the choice of quaternion connections for surfaces in quaternion manifolds. In [19], he
suggests the research based on such a concept and studies half dimensional submanifolds
in quaternion manifolds from this view point.
In general, one of elementary approach or the first step to study a submanifold in a
manifold with a certain geometric structure is as follows:
(1) find an invariant with respect to the geometric structure,
(2) give a bound for the invariant by a topological one,
(3) characterize the equality case of (2).
As an exmaple of the conformal structure and a compact surface in the three dimensional
Euclidean space, the Willmore functional is a conformal invariant and the lower bound
is given by the constant multiple of the Euler number of the surface. Moreover, the
equality holds if and only if the surface is totally umbilic. Co-dimension two case is also
done by the twistor theory, that is, the lower bound for the Willmore functional is given
by the Euler numbers of the surface and the normal bundle, and the equality holds if
and only if the surface is twistor holomorphic.
In this paper, we study inclusive surfaces in quaternion manifolds from the approach
as above. Each the tangent space of an inclusive surface is included in a quaternion line.
We introduce the invariant WQ for such surfaces. Although we define this invariant
by using a quaternion connection, we can show that WQ is independent of the choice
of quaternion connections. Moreover we give a lower bound of WQ by the topological
invariant and a characterization for the equality case in terms of the twistor lifts. We
also study the stationary inclusive immersions of the functional WQ, which is called the
quaternion Willmore immersion in this paper. In particular, we show that any compact
inclusive minimal surfaces in a quaternion Kähler manifold whose dimension is greater
than four or anti-self-dual Einstein manifold are quaternion Willmore.
Since the twistor space of a quaternion manifold possesses the integrable complex
structure, one of the advantage of considering twistor space for study the quaternion
structure is that complex geometry is can be used on the twistor space. Hence, for
inclusive surfaces in quaternion manifolds, it is important to give a relation among the
quaternion invariants and complex geometric objects. In particular, if the twistor lift of
an inclusive compact surface in the quaternion projective space HP n is holomorphic, its
image is an algebraic curve in the complex projective space CP 2n+1. In this case, the
invariant WQ can be expressed by the degree of the image, which is known in the case
of n = 1.
Surfaces with certain harmonicity of the twistor lifts are also interesting, that is,
surfaces whose twistor lifts are harmonic sections are also studied (see [8] and [15] for
example), when the dimension of an ambient manifold is four. If the ambient manifold
is an anti-self dual Einstein manifold, the twistor lift of a twistor holomorphic surface
is harmonic section. In [6], surface in the 4-dimensional space form whose twistor lift is
a harmonic section (this condition is equivalent to having holomorphic mean curvature
vector field [15]). This fact gives a conformal geometric meaning for surfaces in the 4-
dimensional space form whose twistor lifts are harmonic sections. In this paper, we give
a quaternion geometric meaning for inclusive surfaces in quaternion Kähler manifolds
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whose twistor lifts are harmonic sections. It is a quaternion version of the result for a
constrained Willmore surface in [6].
This paper is organized as follows. In Section 2, we recall the decomposition of a
connection on a complex vector bundle. We consider inclusive surfaces in a quaternion
manifold and introduce some quaternion invariants for such surfaces in Section 3. The
first variation for the functional WQ is considered in Section 4. Finally, in Section 5, we
study the quaternion Kählerian case.
This work is partially supported by JSPS KAKENHI Grant Number 15K04839.
2 Complex vector bundles.
Throughout this paper, all manifolds are assumed to be smooth and without boundary,
and maps are assumed to be smooth unless otherwise mentioned. Let E be a vector
bundle over a manifold M and Ex the fiber of E over x ∈ M . We write TM (resp.
T ∗M) for the tangent (resp. cotangent) bundle of M . For vector bundles E, E ′ over M ,
we denote the homomorphism bundle whose fiber is the space of linear mappings Ex to
E ′x by Hom(E,E
′), and set End(E) := Hom(E,E). Let φ : N → M be a smooth map
and F a fiber bundle over M . The pull back bundle of F over N by φ is denoted by
φ#F . The set of all connections of a vector bundle E is denoted by C(E). The space of
all sections of a fiber bundle F is denoted by Γ(F ). Let Λk(E) be the set of all E-valued
k-forms on M .
In this section, we summarize the fundamental results for the decomposition of con-
nection on a complex vector bundle which are used in this paper. See [16] for detail.
Let M be an almost complex manifold with an almost complex structure J and E a
vector bundle over M with I ∈ Γ(End(E)) satisfying I2 = −id and D ∈ C(E). We do








for X ∈ TM and ζ ∈ Γ(E). It is easy to see D = D′ + D′′. The connection D on E
induces the connection D̄ on End(E), which is given as follows. For S ∈ Γ(End(E)),
D̄XS ∈ Γ(End(E)) is defined by (D̄XS)(ζ) := [DX , S](ζ) = DXS(ζ) − S(DXζ) for
X ∈ TM and ζ ∈ Γ(E). Let ∇M ∈ C(TM) be a torsion free affine connection on M .
Also we can define the connection (we use the same letter D̄) on T ∗M ⊗ End(E), that
is,
(D̄XS)Y ζ := DX(SY ζ)− S∇MX Y ζ − SY (DXζ) = [DX , SY ](ζ)− S∇MX Y ζ
= (D̄XSY )(ζ)− S∇MX Y ζ
for S ∈ Γ(T ∗M ⊗ End(E)). Moreover we set
(dD̄S)(X,Y ) = (D̄XS)Y − (D̄Y S)X
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for X, Y ∈ TM . Note that dD̄ is independent of the choice of torsion free affine
connections on TM . We define DI ∈ C(E) by


























for X ∈ TM and ζ ∈ Γ(E). We see that D′ = DI′ + AD′ and D′′ = DI′′ + AD′′, and
hence D = DI′ +DI′′ +AD′ +AD′′. It is easy to see that AD′, AD′′ ∈ Λ1(End(E)). Note


























X I = −IAD′X , DI′′X I = IDI′′X , AD′′X I = −IAD′′X
for X ∈ TM .
The following lemmas will be used for the first variation formula of a quaternion
invariant functional for inclusive immersions.
Lemma 2.2. We have






for X ∈ Γ(TM).

















X )I + A
D′′


























for X ∈ Γ(TM).
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Lemma 2.3. We have
(D̄XA
D′)X + (D̄JXA









for X ∈ Γ(TM).
Proof. Since AD′X − AD′′X = (1/2)(D̄JXI) for X ∈ Γ(TM), we have
(D̄XA







Using the equation above, we have the conclusion.
In Section 5, we consider a certain harmonicity of the natural twistor lift for an
inclusive surface. For this purpose, it is need to obtain the following lemmas. We define
HD̄(X,Y )I := −D̄XD̄Y I + D̄∇XY I
for X, Y ∈ Γ(TM). Set TX := (1/2)I(D̄XI) for X ∈ TM . Then it holds D = DI + T
Since (D̄XS1S2) = [DX , S1S2] = [DX , S1]S2 + S1[DX , S2] = (D̄XS1)S2 + S1(D̄XS2) for
S1, S2 ∈ Γ(End(E)), we see the following.
Lemma 2.4. We have
HD̄(X, Y )I = −2(D̄XT )Y I − 4TY TXI
for X, Y ∈ Γ(TM).
Proof. Since I is parallel with respect to DI and TXI = −ITX for X ∈ Γ(TM), we have
D̄XI = [DX , I] = [TX , I] = 2TXI.
Then it holds
D̄XD̄Y I = 2D̄X(TY I) = 2(D̄XTY )I + 2TY (D̄XI)
= 2(D̄XTY )I + 4TY TXI = 2(D̄XT )Y I + 2T∇XY I + 4TY TXI
for X, Y ∈ Γ(TM). Hence we have the conclusion.
Lemma 2.5. We have
I(D̄XT )Y I = (D̄XT )Y − 2[TX , TY ]
for X, Y ∈ Γ(TM).
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Proof. We have
(D̄XT )Y I = (D̄XTY )I − T∇XY I
= D̄X(TY I)− TY (D̄XI)− T∇XY I
= −D̄X(ITY )− 2TY TXI − T∇XY I
= −(D̄XI)TY − I(D̄XTY )− 2TY TXI − T∇XY I
= −2TXITY − I((D̄XT )Y + T∇XY )− 2TY TXI − T∇XY I
= 2ITXTY − I(D̄XT )Y − IT∇XY − 2TY TXI − T∇XY I
= 2I[TX , TY ]− I(D̄XT )Y
for X, Y ∈ Γ(TM). Hence we have the conclusion.
Lemma 2.6. We have
[HD̄(X,Y )I, I] = 4(D̄XT )Y − 4[TX , TY ]
for X, Y ∈ Γ(TM).
Proof. By Lemmas 2.4 and 2.5, we have
[HD̄(X,Y )I, I] = (HD̄(X, Y )I)I − IHD̄(X, Y )I
= (−2(D̄XT )Y I − 4TY TXI)I − I(−2(D̄XT )Y I − 4TY TXI)
= 2(D̄XT )Y + 4TY TX + 2I(D̄XT )Y I + 4ITY TXI
= 2(D̄XT )Y + 2I(D̄XT )Y I
= 4(D̄XT )Y − 4[TX , TY ]
for X, Y ∈ Γ(TM).
By Lemma 2.6, we obtain the following lemma.
Lemma 2.7. We have






for X ∈ Γ(TM).
To the end of this section, we give some equations for the curvature forms. Let RD
be the curvature form of the connection D ∈ C(E). We have






for X, Y ∈ TM . Note that the first Chern form c1(E,DI) is given by
4πc1(E,D




for all X, Y ∈ TM . Since
16TrAD′X A
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X − TrAD′′X AD′′X ) = TrRDX,JXI − TrRD
I
X,JXI(2.5)
for X ∈ Γ(TM).
3 Inclusive immersions.
We say that (M,Q) is a quaternion manifold with the quaternion structure Q if Q is a





3 = −id, I1I2 = −I2I1 = I3,
and there exists a torsion free affine connection ∇ ∈ C(TM) such that ∇̄ preserves Q,
that is, ∇̄Γ(Q) ⊂ Γ(Q). The dimension of a quaternion manifold M is denoted by
4n. The triplet (I1, I2, I3) is called an admissible frame of Q. In particular, such a
torsion free affine connection ∇ is called a quaternion connection. Note the quaternion
connection is not unique, in fact, we see the following (see [1]).
Lemma 3.1. Let ∇1 and ∇2 be quaternion connections. Then there exists a 1-form ξ
such that
∇2XY = ∇1XY + ξ(X)Y + ξ(Y )X − ξ(I1X)I1Y − ξ(I1Y )I1X(3.1)
−ξ(I2X)I2Y − ξ(I2Y )I2X − ξ(I3X)I3Y − ξ(I3Y )I3X
for all X, Y ∈ Γ(TM). Conversely, for a given quaternion connection ∇1, the connec-
tion ∇2 given by the equation above is also a quaternion connection.
Let (I1, I2, I3) is an admissible local frame of Q defined on an open subset U ⊂ M .
Consider a complex vector bundle (TU, I1) and quaternion connections ∇1, ∇2 which
are related though the equation (3.1). Set
SXY := ξ(X)Y + ξ(Y )X − ξ(I1X)I1Y − ξ(I1Y )I1X
−ξ(I2X)I2Y − ξ(I2Y )I2X − ξ(I3X)I3Y − ξ(I3Y )I3X
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for X, Y ∈ TU . It is easy to obtain the following equations
∇1′XY = ∇2′XY +
1
2
(SXY − I1SI1XY ),∇1′′X Y = ∇2′′X Y +
1
2
(SXY + I1SI1XY ).
Then we have





(SXY − I1SI1XY − I1SXI1Y − SI1XI1Y ),





(SXY + I1SI1XY − I1SXI1Y + SI1XI1Y ),
A∇
1′





(SXY − I1SI1XY + I1SXI1Y + SI1XI1Y ),
A∇
1′′





(SXY + I1SI1XY + I1SXI1Y − SI1XI1Y ).
On hte other hand, it is also easy to see
SXY = ξ(X)Y + ξ(Y )X − ξ(I1X)I1Y − ξ(I1Y )I1X
−ξ(I2X)I2Y − ξ(I2Y )I2X − ξ(I3X)I3Y − ξ(I3Y )I3X,
I1SI1XY = ξ(I1X)I1Y − ξ(Y )X − ξ(X)Y + ξ(I1Y )I1X
+ξ(I3X)I3Y − ξ(I2Y )I2X + ξ(I2X)I2Y − ξ(I3Y )I3X,
I1SXI1Y = −ξ(X)Y + ξ(I1Y )I1X + ξ(I1X)I1Y − ξ(Y )X
−ξ(I2X)I2Y + ξ(I3Y )I3X − ξ(I3X)I3Y + ξ(I2Y )I2X,
SI1XI1Y = ξ(I1X)I1Y + ξ(I1Y )I1X − ξ(X)Y − ξ(Y )X
−ξ(I3X)I3Y − ξ(I3Y )I3X − ξ(I2X)I2Y − ξ(I2Y )I2X.
Hence we have
Lemma 3.2. We have
∇1I1′X Y = ∇
2I1′
X Y + ξ(X)Y + ξ(Y )X − ξ(I1X)I1Y − ξ(I1Y )I1X,
∇1I1′′X Y = ∇
2I1′′
X Y − (ξ(I2Y )I2X + ξ(I3Y )I3X),
A∇
1′
X Y = A
∇2′
X Y − (ξ(I2X)I2Y + ξ(I3X)I3Y ),
A∇
1′′
X Y = A
∇2′′
X Y.
Therefore the following proposition is obtained immediately.
Proposition 3.3. The operator A∇′′ is independent of the choice of the quaternion
connections.
Set Zx = {J ∈ Qx | J2 = −id} at each x ∈ M and Z = ∪x∈MZx. The S2-bundle Z
over M is called the twistor space of M . On the twistor space Z, we can define an almost
complex structure IZ as follows. The bundle projection πtw : Z → M and a quaternion
connection ∇ induce the decomposition TZ = T hZ⊕T vZ into the horizontal subbundle




J for all horizontal vector X at J ∈ Z and IZ∇(V ) = Jv(V ) for
all vertical vector V , where Jv is the canonical complex structure on each fiber ≃ S2.
The following statement is proved in [3] for more generalized case. For our case, by
Proposition 3.3, it can be proved.
Lemma 3.4. Let ∇1 and ∇2 be quaternion connections. Then two almost complex
strucures with respect to ∇1 and ∇2 as above concide, that is, IZ∇1 = IZ∇2.
From this lemma, we are allowed to write IZ for IZ∇ whenever we consider objects
which are depend only on the quaternion structure Q. Moreover, we see that IZ is
integrable when n ≥ 2 (see [5]). When n = 1, IZ is integrable if and only if the
conformal structure is anti-self-dual (see [4]).
We consider an immersion f : Σ → M from an oriented surface Σ to a quaternion
manifold M . We call a subspace of TM quaternion if it closed under actions of Q.
Definition 3.5. If f∗x(TxΣ) is contained in a real 4-dimensional quaternion subspace
of Tf(x)M for each point x ∈ Σ, then f : Σ → M is called an inclusive immersion or Σ
is called an inclusive surface.
We consider a Riemann surface Σ as a real 2-dimensional manifold with an endo-
morphism I ∈ Γ(End(TΣ)) satisfying I2 = −id. Note that f : Σ → M is an inclusive
immersion from a Riemann surface (M, I) if and only if there exists a map I1 : Σ → Z
satisfying I1(x) ◦ f∗x = f∗x ◦ I(x) for x ∈ Σ. By Lemma 2.8 in [2], if f is an inclusive
immersion from an oriented surface, then there exists a unique lift I1 : Σ → Z such that
I1(x) preserves f∗(TxΣ) at each point x ∈ Σ and induces the given orientation. Then
we can consider an inclusive oriented surface Σ as a Riemann surface. We say that I1 is
the natural twistor lift of f (in [2], I1(Σ) is called the natural lift of Σ in the case that
M is a quaternion Kähler manifold). When n = 1, a quaternion structure is equivalent
to a conformal structure and f is inclusive if and only if it is conformal. Although
the inclusive immersion is usually defined in the case that M is a quaternion Kähler
manifold (see [2] and [18] for example), we use this terminology “inclusive immersion”
for quaternion manifolds. Although we use quaternion connections for Q, our interest is
the properties of inclusive immersions which do not depend on quaternion connections.
We summarize our setting as in Table 1 :
dimM = 4n n = 1 n ≥ 2
structure conformal quaternion
integrability of IZ anti-self-dual always
immersion from a surface conformal inclusive
invariant conformal quaternion
Table 1: setting
For an inclusive immersion f : Σ → M and a quaternion connection ∇, we write
f#∇ for the pullback connection of ∇ by f . On a complex manifold Σ of dimR Σ = 2,
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we can choose a volume form Ω on Σ, which satisfies Ω(X, IX) ̸= 0 for all nonzero
X ∈ TΣ. For a symmetric (0, 2)-tensor s on M , we define
aΩ(s) =
s(X,X) + s(IX, IX)
Ω(X, IX)
for a nonzero X ∈ TΣ. It is easy to see that aΩ(s) is independent of the choice of X.
Note that aΩ(s)Ω = aΩ′(s)Ω
′ if Ω′ = cΩ for c ̸= 0, that is, aΩ(s)Ω is independent of the
choice of volume forms. See [16].
Definition 3.6. Let f : Σ → M be an inclusive immersion from a compact oriented









( · ) A
f#∇′′
( · ) )Ω.
By Proposition 3.3, we see that TQ(f) is independent of the choice of quaternion
connections. We define a fiber metric gQ on Q by
gQ(C,C ′) = − 1
4n
TrCC ′
for C, C ′ ∈ Q so that an admissible frame is an orthonormal frame. For any quaternion
connection ∇, ∇̄ is a metric connection with respect to gQ. Hence we choose locally
defined one forms ω1, ω2, ω3 of Σ satisfying
(f#∇)XI1 = ω3(X)I2 − ω2(X)I3(3.2)
(f#∇)XI2 = −ω3(X)I1 + ω1(X)I3(3.3)
(f#∇)XI3 = ω2(X)I1 − ω1(X)I2(3.4)
for X ∈ TΣ. We set locally defined one forms ρ and ϕ of Σ by ρ(X) = ω3(X)−ω2(IX)
and ϕ(X) = ω3(X) + ω2(IX) for a tangent vector X of Σ. We have
Lemma 3.7. Let f : Σ → M be an inclusive immersion. We have
Af
#∇′
X = ρ(X)I3 + ρ(IX)I2 and A
f#∇′′
X = ϕ(X)I3 − ϕ(IX)I2






= I1(ω3(X)I2 − ω2(X)I3) + ω3(IX)I2 − ω2(IX)I3
= ω3(X)I3 + ω2(X)I2 + ω3(IX)I2 − ω2(IX)I3
= ρ(X)I3 + ρ(IX)I2
for X ∈ TΣ. Similarly we can obtain the equation for Af#∇′′.
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X ) = −
4
n






X ) = −
4
n
(ϕ(X)2 + ϕ(IX)2) ≤ 0
In addition, if Σ is compact, we see TQ(f) ≥ 0.





X = (ρ(X)I3 + ρ(IX)I2)(ρ(X)I3 + ρ(IX)I2)
= −ρ(X)2id+ ρ(X)ρ(IX)I3I2 + ρ(X)ρ(IX)I2I3 − ρ(IX)2id









(ρ(X)2 + ρ(IX)2) ≤ 0
Definition 3.9. We say that an inclusive immersion f : Σ → M from a Riemann
surface Σ is twistor holomorphic if the natural twistor lift I1 : (Σ, I) → (Z, IZ) is
holomorphic.
It is easy to see that the property that f is twistor holomorphic is independent of
the choice of quaternion connections, since the complex structure IZ is independent of
the choice of quaternion connections. Alternatively, since f is twistor holomorphic if
and only if Af
#∇′′ = 0, we can see it by Proposition 3.3. From Lemmas 3.7 and 3.8, we
have
Lemma 3.10. Let f : Σ → M be an inclusive immersion. The following condi-
tion are equivalent each other : (1) f is twistor holomorphic, (2) Af
#∇′′ = 0, (3)
TrAf
#∇′′
( · ) A
f#∇′′
( · ) = 0, in addition, when Σ is compact, (4)TQ(f) = 0.
Let Ric∇ be the Ricci tensor of ∇. For a (0, 2)-tensor θ, the symmetrization (resp.
anti-symmetrization) of θ is denoted by θs (resp. θa) and “hermitirization” by Πh(θ),
which is defined by
Πh(θ)(X, Y ) =
1
4




We define the following functional. As we will see later, this functional is a quaternion
invariant. Moreover, whenM = HP 1(∼= S4), this functional coincides with the Willmore
functional (see Section 5).
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( · ) A
f#∇′
( · ) )
)
Ω.
We recall the Weyl tensor W of a quaternion connection (see [1] for example). Take











and define SB◦YX Z by
SB◦YX Z = B(Y,X)Z +B(Y, Z)X −
3∑
i=1
(B(Y, IiX)IiZ +B(Y, IiZ)IiX)
for X, Y , Z ∈ TM . The Weyl tensor W is defined by
WX,YZ = R
∇
X,YZ − SB◦YX Z + SB◦XY Z
for all X, Y , Z. Note that W does not depend on a particular choice of a quaternion
connection ∇ (see [1] and [13], for example).
Lemma 3.12. Let (I1, I2, I3) be an admissible frame of a quaternion manifold (M,Q).



















−(Ric∇)s(I2Y, I3X) + (Ric∇)s(I3Y, I2X))
for X, Y ∈ TM . By the definition of W , the conclusion can be obtained immediately.
The natural twistor lift I1 can be considered as a complex structure on the vector
bundle f#TM over Σ. By (2.1), (2.4), (2.5) and Lemma 3.12, we have the following.
Proposition 3.13. Let f : Σ → M be an inclusive immersion. If Σ is compact, we
obtain









aΩ(Tr (W( · ),I( · )I1)
s)Ω.
As consequently, WQ(f) is also a quaternion invariant, that is, it is independent of the
choice of quaternion connections.
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By Lemmas 3.8, 3.10 and Proposition 3.13, we have
Theorem 3.14. Let f : Σ → M be an inclusive immersion. If Σ is compact, a lower












The equality holds if and only if f is twistor holomorphic.
If n > 1 or the self-dual part of W vanishes, then Tr (W( · ),I( · )I1) = 0 by [1]. Hence
we have
Corollary 3.15. Let f : Σ → M be an inclusive immersion from s compact oriented






The equality holds if and only if f is twistor holomorphic.
The twistor space of HP n is CP 2n+1 and the twistor projection πtw : CP 2n+1 → HP n
is given by
πtw([w0, . . . , w2n+1]) = [w0 + jw1, . . . , w2n + jw2n+1],
where (w0, . . . , w2n+1) ∈ C2n+2\{0} and (1, i, j, k) is the standard basis of H. If f :
Σ → HP n is a twistor holomorphic inclusive immersion, then the natural twistor lift
I1 : Σ → CP 2n+1 is holomorphic, and hence, I1(Σ) is an algebraic curve in CP 2n+1. We
denote its degree by d. One of the advantage of considering twistor space for studying the
quaternion structure is that complex geometry is can be used on the twistor space. The
following theorem gives a relation between a quaternion invariant for inclusive surfaces
and a complex geometric one.
Theorem 3.16. Let f : Σ → HP n be an inclusive immersion from a compact Riemann
surface. If f is twistor holomorphic, then we have WQ(f) = 4πnd. In particular, the
lowest value of WQ for twistor holomorphic inclusive immersions is 4πn, and WQ(f) =
4πn if and only if the surface is given by the twistor projection of complex line in CP 2n+1.
Proof. Since WQ(f) is independent of the choice of quaternion connections, we may
assume that ∇ is the Levi-Civita connection with respect to the standard Riemannian
metric g on HP n of constant Q-sectional curvature 1. Consider the standard Kählerian
metric ĝ on CP 2n+1 of constant holomorphic curvature 1. Then the twistor projection
πtw is a Riemannian submersion such that each fiber is of constant curvature 1. Let
ΩCP
2n+1




(X, Y ) = ĝĨ(I
ZX, Y )
= g(ĨX, Y ) + gF (Ĩ(∇̄X Ĩ), ∇̄Y Ĩ)




for X, Y ∈ TCP 2n+1, where gF is the Riemannian metric on fibers. Since f is inclusive
and g is a quaternion Kähler metric, the induced metric f ∗g is compatible with I. Let
ΩΣ be the the Kähler form of (f ∗g, I). Therefore we obtain
2nI∗1Ω
CP 2n+1(X, IX) = 2nΩΣ(X, IX)− aΩΣ(TrAf
#∇′
( · ) A
f#∇′




( · ) A
f#∇′′
( · ) )Ω
Σ(X, IX)


















· 4n(n+ 2)g = ng,
where Scg is the scalar curvature of g. Then, by using the equations above and (2.1),











( · ) A
f#∇′′
( · ) )Ω
Σ.
If f is twistor holomorphic, we have WQ(f) = 4πnd.
By the same calculation and Lemma 3.8, for any inclusive immersion from a compact
oriented surface into HP n, we have WQ > 0. The twistor projection of complex line
CP 1 plays a role of totally umbilic surface in HP 1. We give another typical example of
a twistor holomorphic immersion.
Example 3.17. Consider the Veronese map
CP 1 ∋ [W0,W1] 7→ [W 2n+10 ,W0W 2n1 , · · · ,W 2n+11 ] ∈ CP 2n+1.
Its image is a nondegenerate curve of degree 2n+1, which is called the rational normal
curve. Then the twistor projection of this curve is a twistor holomorphic (nondegen-
erate) surface with WQ(f) = 4πn(2n + 1). If the image of the natural twistor lift
for a twistor holomorphic inclusive immersion is a nondegenerate curve, then it holds
WQ(f) ≥ 4πn(2n+ 1) (see [14], for example).
Consider the quotient bundle N := f#TM/TΣ and define the complex structure IN
on N by IN([ξ]) = [I1ξ] for ξ ∈ Γ(f#TM).
Corollary 3.18. Let f : Σ → HP n be an inclusive immersion from a compact Riemann
surface of genus q. If f is twistor holomorphic and the degree of I1(Σ) is d, then the
first Chern class of N is given by∫
Σ
c1(N) = 2(nd+ q − 1).
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Proof. Consider the standard Riemannian metric g on HP n. Since f is inclusive, then
the normal bundle T⊥Σ is invariant by I1. Then T
⊥Σ is a complex vector bundle which
is isomorphic to N . We can obtain the first Chern class of T⊥Σ from the decomposition
f#THP n = TΣ⊕ T⊥Σ by Corollary 3.15 and Theorem 3.16.
By Corollary 3.18, we see that ∫
Σ
c1(N) ≥ 0
for any twistor holomorphic inclusive immersion from a compact Riemann surface into
HP n and the equality holds if and only if n = 1 and the surface is given by the twistor
projection of complex line in CP 3. Therefore, Corollary 3.18 gives an improved result
of Corollary 3 in [11].
4 Quaternion Willmore immersions.
In this section, we consider inclusive immersions which are stationary points of the
functional WQ.
Definition 4.1. Let f : Σ → M be an inclusive immersion from a compact oriented
surface. We say that f is the quaternion Willmore immersion (resp. constrained quater-







for any variation {ft}t∈J of f = f0 such that ft is inclusive for each t ∈ J (resp. ft is
inclusive for each t ∈ J and the induced complex structure on Σ does not vary ).
Let {ft}t∈J be a variation of an inclusive immersion f such that ft is inclusive for
each t ∈ J and f0 = f . Since each ft is inclusive, we can obtain the natural twistor lift
I1(t) and complex structure I(t) on Σ satisfying I1(t)◦ft∗ = ft∗◦I(t). We write I = I(0)
and I1 = I1(0). We set I
′ = (d/dt)I(t)|t=0, I ′1 = (d/dt)I1(t)|t=0 and Vx = (d/dt)ft(x)|t=0.
Associating with {ft}t∈J , we define














for X, Y ∈ TΣ. We have the first variation formula for WQ.
Theorem 4.2. Let f : Σ → M be an inclusive immersion from a compact oriented
surface with the natural twistor lift I1. Consider a variation {ft}t∈J such that ft is
inclusive for each t ∈ J and f0 = f . Assume that n > 1 or the self-dual part of W











The proof of Theorem 4.2 can be obtained by the standard calculations and some lemmas
are needed.



















































for all X ∈ TΣ.
Proof. Let J be an open interval containing 0. Define F : Σ×J → M by F (x, t) = ft(x)
for (x, t) ∈ Σ× J . Moreover define I1(x, t) = I1(t)(x) and I(x, t) = I(t)(x). Since ft is

































I1 − (F#∇)IX(F#∇) ∂
∂t
I1 − (F#∇)[ ∂
∂t
,IX]I1)
for X ∈ Γ(TΣ). Since F∗ ∂∂t |(x,0) = Vx and [
∂
∂t
, IX]|(x,0) = I ′Xx, we have the conclusion.






= −Ω(X, I ′X)Ω(0).
Proof. Differentiation Ω(t)(X, I(t)X) = 1 by t.
By Lemmas 4.3, 4.4 and fundamental properties for Af
#∇′, Af
#∇′′, the proof of
Theorem 4.2 can be given :
Proof of Theorem 4.2. Take X ∈ TΣ satisfying Ω(t)(X, I(t)X) = 1 and set Ω = Ω(0).
By the definition, we have
aΩ(TrA
f#t ∇′′
( · ) A
f#t ∇′′

















Since the second term of the right hand side in the equation above does not vary, by

































































































Consider θ defined by θ(Y ) = TrI ′1A
f#∇′′










Note that I ′1 is identified with the section of f
#Q which is orthogonal to I1. Using
























































































































From the definition of V , the conclusion can be obtained.
Note that I ′1, I
′ and V are related as
f∗I
′X = I ′1f∗X + I1(f
#∇)XV )− (f#∇)IXV(4.1)


















for X ∈ Γ(TΣ). Evaluating at (x, 0) ∈ Σ× J , we obtain (4.1). As a direct consequence
of Theorem 4.2 or Corollary 3.15, we have
Corollary 4.5. Twistor holomorphic immersions are quaternion Willmore if n > 1 or
the self-dual part of W vanishes.
As we will see in the next section, Af
#∇′ = 0 means “minimality” in the metric case.
For the condition Af
#∇′ = 0, which depends on the choice of a quaternion connection,
we have
Corollary 4.6. Let f : Σ → M be an inclusive immersion from a compact oriented
surface with the natural twistor lift I1. Assume that n > 1 or the self-dual part of W
vanishes. If there exists a Ricci flat quaternion connection ∇ satisfying Af#∇′ = 0, then
f is quaternion Willmore.








( · ) A
f#∇′
( · ) )Ω ≥ 0.
5 Quaternion Kählerian cases.
In this section, we consider quaternion Kähler manifolds (M,Q, g) with n > 1 or anti-
self-dual Einstein manifold when n = 1. Note that the Levi-Civita connection ∇ of g is
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a quaternion connection. If f : Σ → M an inclusive immersion, then the induced metric










where Area(Σ, g′) is the area of Σ with respect to g′, ΩΣ is the Kähler form of (g′, I)
and H is the mean curvature vector field of f .
Lemma 5.1. Let (M,Q, g) be a quaternion Kähler manifold and an inclusive immersion








for any unit vector X on Σ.
Proof. Take one forms satisfying (3.2), (3.3) and (3.4). Then the mean curvature vector




((ω3(I1X) + ω2(X))I2f∗X + (ω3(X)− ω2(I1X))I3f∗X)














From Lemma 5.1 and the similar calculation in the proof of Theorem 3.16, it is
easy to see that the equation (5.1) holds for an inclusive immersion from a compact
oriented surface into a quaternion Kähler manifold with n > 1 or anti-self-dual Einstein
manifold when n = 1. When M = HP 1(∼= S4), the functional WQ coincides with the
conformal Willmore functional. Therefore we may consider that WQ is a candidate for
a quaternion object of the Willmore functional, since a four dimensional quaternion
manifold is nothing but an oriented manifold with a conformal structure.
On Z, we can define another almost complex structure IZ ′ which is defined by op-
posite sign to IZ for vertical vectors. The natural twistor lift I1 : Σ → Z is holomorphic
with respect to IZ ′ if and only if f is minimal, which is also equivalent to the condition
Af
#∇′ = 0. If the natural twistor lift I1 : Σ → Z of an inclusive immersion f : Σ → M
is horizontal (I1∗(TΣ) ⊂ T hZ) with respect to ∇, that is, (f#∇)I1 = 0, then f is said
to be superminimal. Note that the property that f is superminimal depends on the
Riemannian metric. In the case that M is a four dimensional Riemannian manifold,
the surface is superminimal if and only if it is minimal and twistor holomorphic (see
[11]). The following statement is a corresponding result for an inclusive surface in a
quaternion Kähler manifold (see Corollary 3.5 in [2]).
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Proposition 5.2. Let (M,Q, g) be a quaternion Kähler manifold and f : Σ → M an
inclusive immersion. Then the following conditions are equivalent each other : (1) f is
superminimal, (2) f is minimal and twistor holomorphic, (3) Af
#∇′ = 0 and Af
#∇′′ = 0,
(4) I1 is holomorphic with respect to both I
Z and IZ ′.
For the area of superminimal surface in HP n, by Corollary 3.15, Theorem 3.16,
Proposition 5.2 and (5.1), we have
Corollary 5.3. Let (HP n, g) be the quaternion projective space with the standard metric
g of constant Q-sectional curvature 1 and f : Σ → HP n a superminimal immersion from
a compact oriented surface Σ. If the degree of the image I1(Σ) ⊂ CP 2n+1 of the natural
twistor lift I1 is d, then Area(Σ, g
′) = 4πd.
See [9] and [17] for superminimal immersions into HP n.












(g(I3V, f∗X)ϕ(X)− g(I2V, f∗X)ϕ(IX)
+g(I3V, f∗IX)ϕ(IX) + g(I2V, f∗IX)ϕ(X))
= 0.
We use the Levi-Civita connection ∇Σ with respect to g′. Note that ∇ΣI = 0. For
S ∈ Γ(T ∗M ⊗ End(E)), we define
δS = −(D̄uS)u − (D̄IuS)Iu,
where u is an unit vector on (Σ, g′). If (M,Q, g) is a quaternion Kähler manifold with
n > 1 or M is anti-self-dual Einstein, then Rf
#∇
u,Iu I1 = 0. Then lemmas 2.2 and 2.3 give
−TrI ′1(d(f
#∇)̄Af





for a unit vector u at each point of (Σ, g′). Therefore, by Theorem 4.2, we see
Corollary 5.4. Let (M,Q, g) is a quaternion Kähler manifold and f : Σ → M an
inclusive minimal immersion from a compact oriented surface Σ. Assume that n > 1 or
M is anti-self-dual Einstein. Then f is quaternion Willmore.
Proof. It is easy to see that f is minimal if and only if Af
#∇′ = 0 from Lemmas 3.7, 3.8
and 5.1.
We consider surfaces whose natural twistor lifts are harmonic sections in the sense of
[20]. Such surfaces are considered in [8] and [15] in the case of dimM = 4. When M is
the 4-dimensional space form of constant curvature, its natural twistor lift is a harmonic
section if and only if the mean curvature vector field is holomorphic with respect to the
Koszul-Malgrange holomorphic structure on the normal bundle by Corollary 5.4 in [15].
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In Corollary 14.3 of [6], they show that a surface in the 4-dimensional space form with
holomorphic mean curvature vector field is constrained Willmore. This gives a conformal
geometric meaning for surfaces whose twistor lifts are harmonic sections. Therefore it
is also interesting to give quaternion meanings for inclusive surfaces of this kind. I1 is
a harmonic section if and only if I1 satisfies [△f
#∇I1, I1] = 0, where △f
#∇ is the rough
Laplacian of f#∇. It is easy to obtain
[△f#∇I1, I1] = −4δAf
#∇′ − 4δAf#∇′′ = −8δAf#∇′ = −8δAf#∇′′(5.2)
if n > 1 or M is anti-self-dual Einstein. In fact, Lemmas 2.3 and 2.7 imply (5.2). Hence
the following conditions are equivalent each other : (1) I1 is a harmonic section, (2)
δAf
#∇′ = 0, (3) δAf
#∇′′ = 0. Hence, if f is twistor holomorphic or minimal, then
the natural twistor lift is a harmonic section. The following theorem gives a quater-
nion geometric meaning for inclusive surfaces whose natural twistor lifts are harmonic
sections.
Theorem 5.5. Let (M,Q, g) is a quaternion Kähler manifold. Let f : Σ → M be an
inclusive immersion from a compact oriented surface with the natural twistor lift I1.
Assume that n > 1 or M is anti-self-dual Einstein. If I1 is a harmonic section, then f
is a constrained quaternion Willmore immersion.
Therefore theorem 5.5 is a quaternion version of Corollary 14.3 in [6].
Remark 5.6. Let α be the second fundamental form and S the shape operator of f .
We define α′ by α′(X,Y ) = (1/2)(α(X, Y )− (α(IX, IY )) for X, Y ∈ TΣ. Assume that
Vx = (d/dt)ft(x)|t=0 is a normal vector to Σ. From (4.1), we have I ′ = [SV , I]. Also it
holds that g′(I ′X, Y ) = 2g(V, α′(X,Y )) for tangent vectors X, Y ∈ TxΣ. Then we see
that I ′ = 0 if and only if Vx ∈ (Span{α′(u, v) | u, v ∈ TxΣ})⊥(⊂ T⊥x Σ). On the other
hand, if the variation vector field V is tangent to Σ, then I ′ = LV I, where L is the Lie
derivative of Σ.
References
[1] D. Alekseevsky and S. Marchiafava, Quaternionic structures on a manifold and
subordinated structures, Ann. Mat. Pura Appl. (4) 171 (1996), 205-273.
[2] D. Alekseevsky and S. Marchiafava, A twistor construction of Kähler submanifolds
of a quaternionic Kähler manifold, Ann. Mat. Pura Appl. (4) 184 (2005), 53-74.
[3] D. Alekseevsky, S. Marchiafava and M. Pontecorvo, Compatible complex structures
on almost quaternionic manifolds, Trans. Amer. Math. Soc. 351 (1999), 997-1014.
[4] M. F. Atiyah, N. J. Hitchin and I. M. Singer, Self-duality in four-dimensional
Riemannian geometry, Proc. R. Soc. London Ser. A 362 (1978) 425-461.
[5] A. Besse, Einstein Manifolds, Springer-Verlag, Berlin, 1987.
21
[6] F. Burstall and D. Calderbank, Conformal submanifold geometry I-III,
arXiv:1006.5700.
[7] F. Burstall, D. Ferus, K. Leschke, F. Pedit and U. Pinkall, Conformal geometry
of surfaces in S 4 and quaternions, Lecture Notes in Mathematics 1772, Springer-
Verlag, Berlin, 2002.
[8] F. Burstall and I. Khemar, Twistors, 4-symmetric spaces and integrable systems,
Math Ann. 344 (2009) 451-461.
[9] R. L. Bryant, Conformal and minimal immersions of compact surfaces into 4-sphere,
J. Diff. Geom. 17, 455-473 (1982).
[10] I. Castro and F. Urbano, Twistor holomorphic Lagrangian surfaces in the complex
projective and hyperbolic planes, Ann. Global Anal. Geom. 13 (1995) 59-67.
[11] T. Friedrich, On surfaces in four-spaces, Ann. Global Anal. Geom. 2, 275-287
(1984).
[12] T. Friedrich, The geometry of t-holomorphic surfaces in S4, Math. Nachr. 137,
49-62 (1988).
[13] S. Fujimura, Q-connections and their changes on an almost quaternion manifold,
Hokkaido Math. J. 5 (1976), 239-248.
[14] P. Griffiths and J. Harris, Principles of algebraic geometry, Wiley Classics Library.
John Wiley & Sons, Inc., New York, 1994.
[15] K. Hasegawa, On surfaces whose twistor lifts are harmonic sections, J. Geom. Phys.
57 (2007), 1549-1566.
[16] K. Hasegawa, Twistor holomorphic affine surfaces and projective invariants, SUT
J. Math. 50 (2014), 325-341.
[17] P. Kobak and B. Loo, Moduli of quaternionic superminimal immersions of 2-spheres
into quaternionic projective spaces. Ann. Global Anal. Geom. 16 (1998), 527-541.
[18] S. Salamon, Harmonic and holomorphic maps, Geometry seminar “Luigi Bianchi”
II-1984, 161-224, Lecture Notes in Math., 1164, Springer, Berlin, 1985.
[19] K. Tsukada, Transversally complex submanifolds of a quaternion projective space,
preprint.




Faculty of teacher education
Institute of human and social sciences
Kanazawa university
Kakuma-machi, Kanazawa,
Ishikawa, 920-1192, Japan
e-mail:kazuhase@staff.kanazawa-u.ac.jp
23
